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Abstract
Let O be a special Lipschitz domain on Rn; and L be a second-order elliptic self-adjoint
operator in divergence form L ¼ divðArÞ on Lipschitz domain O subject to Neumann
boundary condition. In this paper, we give a simple proof of the atomic decomposition for
Hardy spaces H
p
NðOÞ of O for a range of p; by means of nontangential maximal function
associated with the Poisson semigroup of L:
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Assume that F :Rn1/R is a Lipschitz function, i.e., jjrFjjNpMoN for some
constant M; and denote by O ¼ fðX ; yÞARn1 	 R; y4FðX Þg a special Lipschitz
domain of Rn: Let AðxÞ be an n 	 n matrix function with real symmetric, bounded
measurable entries on Rn satisfying the ellipticity condition
jjAjjNpl1 and AðxÞx  xXljxj2 ð1:1Þ
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for some constant lAð0; 1Þ; for all xARn and for almost all xAO: Let L be a second
order elliptic operator in divergence form L ¼ divðArÞ on L2ðOÞ with largest
domain DðLÞCW 1;2ðOÞ such that
/Lf ; gS ¼
Z
O
Arf  rg; 8fADðLÞ; 8gAW 1;2ðOÞ:
We will write L ¼ ðA;O; W 1;2ðOÞÞ and say that L satisﬁes the Neumann boundary
condition.
This operator L has a unique maximal accretive square root
ﬃﬃﬃ
L
p
so that  ﬃﬃﬃLp is
the generator of an L2ðOÞ-contracting semigroup Pt ¼ et
ﬃﬃ
L
p
; t40; the Poisson
semigroup for L: The kernel of et
ﬃﬃ
L
p
; denoted by ptðx; yÞ; is then measurable
function on O	 O; which satisﬁes
jptðx; yÞjp Ctðt þ jx  yjÞnþ1 ð1:2Þ
and
jptðx; yÞ  ptðx0; yÞjpC
tn
jy  y0j
t
 m
ð1:3Þ
for all tAð0;NÞ; and for some C40 and mAð0; 1Þ: See, for example, [AE,AR,Da].
We turn to the deﬁnition of maximal Hardy spaces by means of nontangential
maximal function associated with the Poisson semigroup of L: If fALplocðOÞ; we
deﬁne
f a;LðxÞ ¼ sup
yAO;t40;jyxjoat
jet
ﬃﬃ
L
p
f ðyÞj; a40: ð1:4Þ
f 1;L will be denoted by f

L : By a standard argument [FeS], we have jj f a;LjjLpEjj f L jjLp
for any 0oaoN: We say that a function fAHpNðOÞ; n=ðn þ 1Þopp1; if f L belongs
to LpðOÞ; and its norm is deﬁned by jj f jjHp
N
¼ jj f L jjLp :
For n=ðn þ 1Þopp1; a function aðxÞ is called a p-atom if there exists a cube Q (of
Rn) such that
ðaÞ supp aðxÞCðQ-OÞ;
ðbÞ jjajj2pjQ-Oj1=21=p;
ðgÞ RO aðxÞ dx ¼ 0:
It is well-known that the atomic Hardy spaces HpðRnÞ on Rn; can be characterized by
means of the nontangential maximal function associated with the Poisson semigroup
et
ﬃﬃﬃﬃﬃﬃ
W
p
of the Laplacian ðWÞ; See [CF,FeS,W]. Recently, in [AR] Auscher and Russ
introduced a maximal Hardy spaces H1NðOÞ (or H1DðOÞ) using the Poisson semigroup of
second-order elliptic operators (nonnecessarily self-adjoint) on Lipschitz domain O
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subject to the Neumann boundary condition (or the Dirichlet boundary condition).
They also gave proofs of classical atomic decomposition and of duality by using an
auxiliary function such as the area S-function there. The aim of this paper is to get the
atoms directly from f LAL
pðOÞ; and then a new proof of the atomic decomposition for
H
p
NðOÞ: See also [AT,CKS]. Our main result is the following theorem.
Theorem 1.1. Let OCRn be a special Lipschitz domain, and let fAHpNðOÞ for n=ðn þ
1Þopp1: There exist p-atoms ak and numbers lk such that
f ðxÞ ¼
X
k
lkakðxÞ: ð1:5Þ
The lk satisfies
P
k jlkjppCðp; nÞjj f jjHp
N
ðOÞ: Conversely, every sum (1.5) satisfies
jj f jjHp
N
ðOÞpCðp; nÞ
X
k
jlkjp
for n=ðn þ mÞopp1; where m is defined as in (1.3).
The paper is organized as follows. In Section 2, we introduce a Caldero´n-type
reproducing formula associated with the operator L: Our reproducing formula (2.2)
below is based on the functional calculus if L: We obtain an atomic decomposition of
Hardy spaces H
p
NðOÞ by using the method of Wilson [W], combining with estimate
on the Poisson semigroup Pt ¼ et
ﬃﬃ
L
p
; t40 of [AR], and then ﬁnish the proof of
Theorem 1.1 in Section 3. We shall conclude this article by stating three remarks.
Throughout, the letter ‘‘C’’ will denote (possibly different) constants that are
independent of the essential variables.
2. Caldero´n-type reproducing formula
Note that our operator L ¼ ðA;O; W 1;2ðOÞÞ deﬁned as in Section 1, is a self-adjoint,
positive deﬁnite operator on L2ðOÞ; and then for every bounded Borel function
F : ½0;NÞ/C; we can deﬁne an operator FðLÞ :L2ðOÞ/L2ðOÞ by the formula
FðLÞ ¼
Z N
0
FðlÞ dEðlÞ;
where EðlÞ is the spectral decomposition of L: In particular, the operator cosðt ﬃﬃﬃLp Þ is
then well-deﬁned on L2ðOÞ: Moreover, by Theorem 3 of [Si] the Schwartz kernel
Kcosðt ﬃﬃLp Þ of cosðt ﬃﬃﬃLp Þ satisﬁes
supp Kcosðt ﬃﬃLp ÞCfðx; yÞAO	 O : jx  yjptg: ð2:1Þ
See also [DY, Lemma 2.1].
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Lemma 2.1. Assume that Fˆ is a Fourier transform of an even bounded Borel function F
with supp FˆC½t; t: Then,
supp KFð ﬃﬃLp ÞCfðx; yÞAO	 O: jx  yjptg:
Proof. If F is an even function, then by the Fourier inversion formula,
Fð
ﬃﬃﬃ
L
p
Þ ¼ 1
2p
Z N
N
FˆðsÞ cosðs
ﬃﬃﬃ
L
p
Þ ds:
But since supp FˆC½t; t;
Fð
ﬃﬃﬃ
L
p
Þ ¼ 1
2p
Z t
t
FˆðsÞ cosðs
ﬃﬃﬃ
L
p
Þ ds;
and then Lemma 2.1 follows from (2.1), see [Si]. &
Lemma 2.2. Let fACN0 ðRÞ be even, fX0; jjfjjL1 ¼ 1; supp ðfÞC½1; 1; and set
jðxÞ ¼ 2fð2xÞ  fðxÞ and jtðxÞ ¼ 1tjðxtÞ for t40: Let F denote the Fourier transform
of j and Ft denote the Fourier transform of jt: Then,
(i) the kernel KFtð
ﬃﬃ
L
p Þ of Ftð
ﬃﬃﬃ
L
p Þ has support contained in
fðx; yÞAO	 O: jx  yjptg:
(ii) Ftð
ﬃﬃﬃ
L
p Þð1Þ ¼ 0:
Proof. Condition (i) follows from Lemma 2.1. We now prove (ii). Note that L
satisﬁes the Neumann boundary, we have ðlI  LÞ1ð1Þ ¼ l1: See [Da]. So by
Lemma 2.2 of [DY] we have cosðt ﬃﬃﬃLp Þð1Þ ¼ 1; and then
Ftð
ﬃﬃﬃ
L
p
Þð1Þ ¼ 1
2p
Z N
N
#FtðsÞ cos ðs
ﬃﬃﬃ
L
p
Þð1Þ ds ¼ 1
2p
Z N
N
#FtðsÞ ds
¼ 1
2p
Z N
N
jtðxÞ dx ¼
1
2p
Z N
N
jðxÞ dx
¼ 1
2p
Z N
N
ð2fð2xÞ  fðxÞÞ dx
¼ 0:
Lemma 2.3. Let Ftð
ﬃﬃﬃ
L
p Þ be as in Lemma 2.2. Then for any fAL2ðOÞ; there exists
constant C such that
Z N
0
jjFtð
ﬃﬃﬃ
L
p
Þð f Þjj22
dt
t
 1=2
pCjj f jjL2ðOÞ:
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Proof. Note that q ¼ ðRN0 j #jðsÞj2dss Þ1=2oN; where j is deﬁned as in Lemma 2.2. By
the holomorphic functional calculus theory [Mc], we have
Z N
0
jjFtð
ﬃﬃﬃ
L
p
Þð f Þjj22
dt
t
 1=2
pqjj f jjL2ðOÞ: &
In the end of this section, we establish the following Caldero´n-type reproducing
formula associated with the operator L; which will be used in the next section.
Lemma 2.4. For any fAL2ðOÞ; we have
f ðxÞ ¼ CF
Z N
0
Ftð
ﬃﬃﬃ
L
p
Þ t @
@t
 
et
ﬃﬃ
L
p
ð f Þdt
t
ðxÞ; ð2:2Þ
where CF
R
R
#jðsÞes ds ¼ 1; and the integral converges strongly in L2ðOÞ:
Proof. Note that for any l40; we haveZ N
0
#jðt
ﬃﬃﬃ
l
p
Þðt
ﬃﬃﬃ
l
p
Þet
ﬃﬃ
l
p dt
t
¼ C1F :
As a consequence, one has
f ðxÞ ¼ CF
Z N
0
Ftð
ﬃﬃﬃ
L
p
Þ t @
@t
 
et
ﬃﬃ
L
p
ð f Þdt
t
ðxÞ;
where CF
R
R
#jðsÞes ds ¼ 1; and the integral converges strongly in L2ðOÞ: &
3. Proof of Theorem 1.1
In order to prove Theorem 1.1, we need a decomposition of O	 Rþ: Without loss
of generality, we assume that the Lipschitz constant M of F (deﬁned in Section 1)
equals 1: Let fQjgj be a decomposition of O into Whitney cubes. These are dyadic
cubes (of Rn) which satisfy
(i) O ¼ Sj Qj;
(ii) j1aj2 ) ðQj1Þ-ðQj2Þ ¼ |;
(iii) diamðQjÞpdistðQj;OcÞp4 diamðQjÞ;
where diamðQjÞ is the diameter of Qj : See [St]. For any x ¼ ðx1; x2;y; xnÞAQj; we let
Px ¼ ðx1;y; xn1;Fðx1;y; xn1ÞÞ: It is easy to verify that dist ðx; PxÞp6diamðQjÞ by
(iii). Denote by @ðO	 ð0;NÞÞ the boundary of the set O	 ð0;NÞ; and
Rx ¼ fðx1;y; xn1; xn  t; tÞAO	 ð0;NÞ: 0otoNg-@ðO	 ð0;NÞÞ:
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We then get distðx; RxÞp
ﬃﬃﬃ
2
p  6diamðQjÞo10diamðQjÞ: One writes y ¼ ðy1; y2;y; ynÞ
AO: For any Qj; we deﬁne a variant of the ‘‘tent’’ region Qˆj of Qj by
Qˆj ¼ fðy; tÞAO	 ð0;NÞ; ðy1;y; yn1; yn þ tÞAQj; 0oto10diamðQjÞg: ð3:1Þ
This implies
O	 Rþ ¼
[
j
Qj
 !
	 Rþ ¼
[
j
Qˆj:
We now follow an idea of [W] to prove Theorem 1.1. Let fAL2ðOÞ-HpNðOÞ and
deﬁne for k ¼ 0;71;72;y;
Ek ¼ fxAO: f 10nþ1;LðxÞ42kg:
Clearly Ek is open and limk-N Ek ¼ O: Let fQkj gj be a decomposition of Ek into
Whitney cubes. For each j; let Qˆkj be a ‘‘tent region’’ of Q
k
j as in (3.1). Set
Eˆk ¼
[
j
Qˆkj ; T
k
j ¼ Qˆkj \Eˆkþ1: ð3:2Þ
It follows from the above construction (3.1) that we have the following properties:
ðaÞ j1aj2 ) ðQˆkj1Þ-ðQˆkj2Þ ¼ |;
ðbÞ Qk1j1CQk2j2 ) Qˆk1j1CQˆk2j2 ;
ðgÞ Tk1j1 -Tk2j2 ¼ | if j1aj2 or k1ak2:
Then, from a decomposition of O	 Rþ above we get Sk Ek ¼ O; and[
j;k
Tkj ¼
[
j;k
ðQˆkj \Eˆkþ1Þ ¼
[
k
ðEˆk\Eˆkþ1Þ ¼ lim
k-N
Eˆk ¼ O	 Rþ:
Denote Ftð
ﬃﬃﬃ
L
p Þðx; yÞ be the kernel of the operator Ftð
ﬃﬃﬃ
L
p Þ: So, for any
fAL2ðOÞ-HpNðOÞ; applying the Caldero´n-type reproducing formula (2.2) we
have
f ðxÞ ¼ lim
e-0
lim
A-þN
CF
Z A
e
Z
O
Ftð
ﬃﬃﬃ
L
p
Þðx; yÞ t @
@t
 
et
ﬃﬃ
L
p
ð f ÞðyÞ dy dt
t
¼
X
j;k
CF
Z
Tk
j
Ftð
ﬃﬃﬃ
L
p
Þðx; yÞ @
@t
et
ﬃﬃ
L
p
ð f ÞðyÞ dy dt
¼
X
j;k
gkj ðxÞ:
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One then writes
f ðxÞ ¼
X
j;k
lkj a
k
j ðxÞ; ð3:3Þ
where lkj ¼ C2kjQkj j1=p and
akj ðxÞ ¼ ðlkj Þ1CF
Z
Tk
j
Ftð
ﬃﬃﬃ
L
p
Þðx; yÞ @
@t
et
ﬃﬃ
L
p
ð f ÞðyÞ dy dt:
We now show that this sum (3.3) gives a decomposition of f into atoms as in
Theorem 1.1. Firstly, we haveX
j;k
jlkj jp ¼Cp
X
j;k
2kpjQkj j ¼ Cp
X
k
2kpjEkj
pCp
Z
O
f 10nþ1;LðxÞp dx
pCpjj f jjHp :
Next, we need to check that akj are atoms. Since the Schwartz kernel KFtð
ﬃﬃ
L
p Þ of
Ftð
ﬃﬃﬃ
L
p Þ satisﬁes
suppðKFtð ﬃﬃLp ÞÞCfðx; yÞAO	 O: jx  yjptg
by (i) of Lemma 2.2, we have supp akj ðxÞC20Qkj-O: Using (ii) of Lemma 2.2, we getZ
O
akj ðxÞ dx ¼ ðlkj Þ1CF
Z
Tk
j
Ftð
ﬃﬃﬃ
L
p
Þð1Þ t @
@t
 
et
ﬃﬃ
L
p
ð f ÞðyÞdy dt
t
¼ 0:
Finally, we want to verify
jjakj jj2pCjQkj j1=21=p: ð3:4Þ
In order to prove (3.4), we need the following Lemma 3.1. The proof is based on
that used by Auscher and Russ in proving [AR, Proposition 8].
Lemma 3.1. For each j; k; let Tkj be as in (3.2). Denote uðy; tÞ ¼ et
ﬃﬃ
L
p
ð f ÞðyÞ; and let
j %ruðy; tÞj2 ¼ j @@tuðy; tÞj2 þ jryuðy; tÞj2: Then, we haveZ
Tk
j
tj %ruðy; tÞj2 dy dtpC22kjQkj j; ð3:5Þ
where C is a positive constant independent of Qkj :
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Proof. For each j; k; let Qkj be a cube (of R
n) as in (3.2). We choose eo1
4
lðQkj Þ; and let
Tkj;e ¼ fðy; tÞATkj : 2eotg: For any 1oao2; denote
D j;ke;a ¼ fðy; tÞAO	 ðae; 10a diam ðQkj ÞÞ; distðy; Qkj \Ekþ1Þo2atg:
One writes D j;ke;a ¼ D j;ke;a;1,D j;ke;a;2; where D j;ke;a;1 ¼ fðy; tÞAD j;ke;a : aeotoalðQkj Þg: Note
that for each 1oao2; we have Tkj;eCD j;ke;a ; and thenZ
Tk
j
tj %ruðy; tÞj2 dy dt ¼ lim
e-0
Z
Tk
j;e
tj %ruðy; tÞj2 dy dt
p lim
e-0
Z 2
1
Z
D
j;k
e;a
tj %ruðy; tÞj2 dy dt da
¼ lim
e-0
Z 2
1
Z
D
j;k
e;a;1
þ
Z
D
j;k
e;a;2
 !
tj %ruðy; tÞj2 dy dt da
¼ Iþ II:
The argument using interior and boundary Caccioppoli’s inequality shows that
Z
D
j;k
e;a;2
tj %ruðy; tÞj2 dy dtpC22kjQkj j;
which implies IIpC22kjQkj j: See [Lemma 7, AR]. It remains to prove the ﬁrst term I
is less than C22kjQkj j; which proof is similar to [Lemma 9, AR]. For completeness, we
modify their proof and sketch it here.
Denote B by the ðn þ 1Þ 	 ðn þ 1Þ block diagonal matrix with components A and
1: The function uðy; tÞ then satisﬁes the equation %r  B %ruðy; tÞ ¼ 0 (in the weak sense
on O	 ð0;NÞ). Let C j;ke;1;1 ¼ fyAO; ðy; tÞAD j;ke;1;1g: Observe that
D j;ke;a ¼ fðy; a1tÞ; ðy; tÞAD j;ke;1 g and D j;ke;a;1CðO	 ð0;NÞÞ;
and C
j;k
e;1;1C12Q
k
j : Applying the ellipticity condition (1.1) and Cauchy–Riemann
formula we get
Z
D
j;k
e;a;1
tj %ruðy; tÞj2 dy dtpC
Z
D
j;k
e;a;1
tB %ruðy; tÞ %ruðy; tÞ dy dt
pC
Z
@D
j;k
e;a;1
juðy; tÞj2 dsaðy; tÞ þ C
Z
@D
j;k
e;a;1
tjuðy; tÞjj %ruðy; tÞj dsaðy; tÞ
pC22kjQkj j þ
Z
@D
j;k
e;a;1
tjuðy; tÞj j %ruðy; tÞj dsaðy; tÞ;
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where the last inequality follows from juðy; tÞjpC2k on the boundary of D j;ke;a;1: So, in
order to estimate term I, it sufﬁces to establish
Z 2
1
Z
@D j;ke;a;1
tjuðy; tÞjj %ruðy; tÞj jdsaðy; tÞ dapC22kjQkj j:
Observe
Z 2
1
Z
@D j;ke;a;1
tjuðy; tÞjj %ruðy; tÞj dsaðy; tÞ dapC2k
Z
G
j %ruðy; tÞj dy dt;
where G is the union of the set @D j;ke;a;1 for 1oao2: As in the proof of [Lemma 9,
AR], we pick a bounded overlap covering of G by balls Bj ¼ Bððxj ; tjÞ; etj20Þ: Remark
that ðx; tÞABj implies tEtjErðBjÞ; the radius of Bj: Then using the Ho¨lder inequality
and Caccioppoli’s inequality
Z
G
j %ruðy; tÞj dy dtpC
XZ
Bj
j %ruðy; tÞj dy dt
pC
X
jBjj1=2rðBjÞ1
Z
2Bj
juðy; tÞj2 dy dtÞ1=2
pC2k
X
jBjjrðBjÞ1
pC2k
Z
*G
dz ds
ds
pC2kjQkj j1=2:
Here *G is a set like G but slightly enlarged: it contains the set of points ðz; sÞ
with zAC j;ke;1;1 and e=2oso4e or distðz; Qkj \Ekþ1Þ=2oso4distðz; Qkj \Ekþ1Þ or
lðQkj Þoso2lðQkj Þ: So, we obtained (3.5) by collecting the above estimates of I and
II; and then the proof of Lemma 3.1.
Back to the proof of Theorem 1.1. We want to prove for each j; kAZ
jjakj jj2pCjQkj j1=21=p: ð3:6Þ
Indeed, it sufﬁces to prove jjgkj jj2pC2kjQkj j1=2 by (3.3). We do this by duality. Let
hAL2; jjhjj2 ¼ 1: By Lemma 2.3, we get
Z N
0
jjFtð
ﬃﬃﬃ
L
p
ÞðhÞjj22
dt
t
 1=2
pC:
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It follows by (3.5) that
Z
O
hðxÞgkj ðxÞ dx ¼CF
Z
Tk
j
t
@
@t
 
et
ﬃﬃ
L
p
ð f ÞðyÞFtð
ﬃﬃﬃ
L
p
ÞðhÞdt dy
t
pC
Z
Tk
j
t
@
@t
et
ﬃﬃ
L
p
ð f ÞðyÞ


2
dt dy
 !1=2

Z N
0
jjFtð
ﬃﬃﬃ
L
p
ÞðhÞjj22
dt
t
 1=2
pC
Z
Tk
j
tj %ruðy; tÞj2 dt dy
 !1=2
pC2kjQkj j1=2;
which gives (3.6). This proved that, when fAHpN-L2; f possesses an atomic
decomposition. For fAHpN ; by a density argument we conclude that f possesses an
atomic decomposition as in Theorem 1.1. We omit the details here. See, for example,
[AR,AT,FeS].
We now prove another part. Let aðxÞ be an atom supported in a cube Q: Note that
L satisﬁes conditions (1.2) and (1.3), a standard argument shows that jjajjHp
N
pC;
and then the desired result follows readily. So, the proof of Theorem 1.1 is
completed.
Remarks. (i) When L is the Laplacian ðWNÞ on the Lipschitz domain O; then
uðy; tÞ is harmonic so that the Caccioppoli inequality of Lemma 3.1 can be replaced
by the mean value property. See [Remark 11, AR].
(ii) We can deﬁne Hardy spaces by using nontangential maximal functions
associated with the heat semigroup etL of L: If fALplocðOÞ; we deﬁne
fAH˜pNðOÞ if
f˜LðxÞ ¼ sup
yAO;t40;jyxjot
jetLf ðyÞjALpðOÞ:
One then has the analogous statement as in Theorem 1.1 replacing H
p
NðOÞ by H˜pNðOÞ:
(iii) It is not clear for us how to give a direct proof of the atomic decomposition for
Hardy spaces H
p
DðOÞ of O subject to Dirichlet boundary condition by means of
nontangential maximal function (or by using area S-function as in [DY]) associated
with the Poisson semigroup of L:
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